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Abstract
We continue our analysis on conductivity in the anisotropic background by em-
ploying the D-brane probe technique, where the D-branes play the role of charge
carriers. The DC and AC conductivity for massless charge carriers are obtained
analytically, while interesting curves for the AC conductivity are also plotted. For
massive charge carriers, we calculate the DC and AC conductivities in the dilute
limit and we fix the parameters in the Einstein-Maxwell-dilaton theory so that the
background exhibits the same scaling behaviors as those for real-world strange met-
als. The DC conductivity at finite density is also computed.
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1 Introduction
The AdS/CFT correspondence [1, 2] provides us with powerful techniques for analyzing
dynamics of strongly coupled quantum field theories. Properties of certain strongly cou-
pled quantum field theories, such as QCD, can be inferred from the dual gravity side.
Therefore the AdS/CFT correspondence may shed light on understanding physical sys-
tems in the real world via holography. Recently, inspired by condensed matter physics,
the investigations on the applications of AdS/CFT to condensed matter systems have
accelerated enormously. Some excellent reviews are given by [3].
By now, there are mainly two complementary approaches for studying this AdS/Condensed
Matter Theory(CMT) correspondence. One can be seen as the bottom-up approach, that
is, we investigate some phenomenological models of gravity which can exhibit similar
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interesting behaviors of certain condensed matter systems. One specific example is the
construction of holographic superconductor [4, 5, 6, 7, 8, 9]. The other one is the top-
down approach, which means that we consider some background in string/M theory and
study the corresponding properties using string theory techniques. One can also inves-
tigate holographic superconductors in the context of string/M theory, for examples see
[10, 11, 12, 13, 14].
Recently a holographic model building approach to ‘strange metallic’ phenomenology was
proposed in [15]. They considered a bulk gravitational background which was dual to a
neutral Lifshitz-invariant quantum critical theory, where the gapped probe charge carriers
were described by D-branes. The non-Fermi liquid scalings, such as linear resistivity,
observed in strange metal regimes can be realized by choosing the dynamical critical
exponent z appropriately. They also outlined three distinct string theory realizations of
Lifshitz geometries. In this paper we will study conductivities in charged dilaton black hole
background with anisotropic scaling symmetry by employing the probe D-brane method.
Charged dilaton black holes [16, 17, 18, 19] for the Einstein-Maxwell theory with exponen-
tial dilaton coupling e2αφF 2 possess several interesting properties. First, it has been found
that for any values of α 6= 0, the entropy vanishes in the extremal limit, which means
that the thermodynamic description might break down. Second, when the coupling α
takes certain specific value, the corresponding black hole solution can be embedded into
string theory. The peculiar features of such charged dilaton black holes suggest that their
AdS generalizations may provide interesting holographic descriptions of condensed matter
systems.
Recently, holography of charged dilaton black holes in AdS4 with planar symmetry was
extensively investigated in [20]. The near horizon geometry was Lifshitz-like [21, 22], with
a dynamical exponent z determined by the dilaton coupling. The global solution was
constructed via numerical methods and the attractor behavior was also discussed. The
authors also examined the thermodynamics of near extremal black holes and computed
the AC conductivity in zero-temperature background. For related work on charged dilaton
black holes see [23, 24, 25, 26, 27].
Here we consider charged dilaton black holes in Einstein-Maxwell-dilaton theory where
the scalar potential takes a Liouville form. Charged dilaton black holes with a Liouville
potential were studied, e.g. in [28]. In a previous paper [29], we calculated conductivities
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in such charged dilaton black hole backgrounds via conventional methods. In this paper
we will continue our investigations on conductivities in such backgrounds by studying the
dynamics of probe D-branes, following [15]. One key feature of our investigations is that
we incorporate a non-trivial dilaton in the DBI action. As was pointed out in [15], such a
dilaton field might be helpful in the holographic model building of strange metals. Indeed
we find that when the parameters in the Einstein-Maxwell-dilaton theory take certain
specific values, the resistivity and conductivity exhibit scaling behaviors of real-world
“strange” metals.
The rest of the paper is organized as follows: In Section 2 we will present the charged
dilaton black hole solutions with a Liouville potential. The DC and AC conductivities
will be calculated in Section 3 using the probe brane technique. We consider both the
massless and massive charge carriers and find strange metal-like behaviors in the above
mentioned background. Summary and discussion will be given in the final section.
2 Solution with a Liouville potential
In this section, we review the construction of a background space-time containing an
anisotropic scaling at the boundary, which was studied in our previous work [29]. Consider
the following action
S =
∫
d4x
√−g[R − 2(∇φ)2 − e2αφFµνF µν − V (φ)], (2.1)
where φ and V (φ) represent a dilaton field and its potential. Equations of motion for
metric gµν , dilaton field and U(1) gauge field are
Rµν − 1
2
Rgµν +
1
2
gµνV (φ) = 2∂µφ∂νφ− gµν(∇φ)2 + 2e2αφFµλFνλ − 1
2
gµνe
2αφF 2,(2.2)
∂µ(
√−g∂µφ) = 1
4
√−g∂V (φ)
∂φ
+
α
2
√−ge2αφF 2, (2.3)
0 = ∂µ(
√−ge2αφF µν). (2.4)
Now, we choose a Liouville-type potential as a dilaton potential
V (φ) = 2Λeηφ. (2.5)
For η = 0, the Liouville potential reduces to a cosmological constant, which was studied
in Ref. [20]. To solve equations of motion, we use the following scaling ansatz which
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corresponds to a zero temperature solution
ds2 = −a(r)2dt2 + dr
2
a(r)2
+ b(r)2(dx2 + dy2), (2.6)
with
a(r) = t0r
a1 , b(r) = b0r
b1, φ(r) = −k0 log r. (2.7)
If we turn on a time-component of the gauge field At only, from the above metric ansatz
the electric flux satisfying Eq. (2.4) becomes
Ftr =
q
b(r)2
e−2αφ. (2.8)
The rest of equations of motion are satisfied when various parameters appeared in the
above are given by
a1 = 1− k0
2
η, b1 =
(2α + η)2
(2α+ η)2 + 16
, k0 =
4(2α+ η)
(2α+ η)2 + 16
, b0 = 1,
t20 =
−2Λ
(a1 + b1)(2a1 + 2b1 − 1) , q
2 = − 2k0Λ
α (a1 + b1)
+
η
2
Λ
α
, (2.9)
where we consider a negative Λ only. Note that the above solution is an exact solution
to the equations of motion containing three parameters α, η and Λ and the parameter
b1 is always smaller than 1. Especially, for η = 0 and Λ = −3/L2 this solution reduces
to the one in Ref. [20], as previously mentioned. We will set L = 1 in the following for
simplicity and we will restore the factor of L in the conductivities by dimensional analysis.
For 2α = −η, the above solution becomes AdS2 ×R2. If we take a limit, α→∞, and at
the same time set q = η = 0, we can obtain AdS4 geometry. When η is proportional to α
like η = −cα, the metric in the limit, α→∞, is reduced to
ds2 = −t20r2zdt2 +
dr2
t20r
2z
+ r2
(
dx2 + dy2
)
, (2.10)
with
z =
2 + c
2− c. (2.11)
The power z is given by 2 for c = 2/3 and 3 for c = 1, etc.
The previous solution can be easily extended to a finite temperature case corresponding
to black hole. With the same parameters in Eq. (2.9), the black hole solution becomes
ds2 = −a(r)2f(r)dt2 + dr
2
a(r)2f(r)
+ b(r)2(dx2 + dy2), (2.12)
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where
f(r) = 1− r
2a1+2b1−1
+
r2a1+2b1−1
. (2.13)
Notice that since the above black hole factor does not include the black hole charge this
solution does not correspond to the Reissner-Nordstrom but Schwarzschild black hole.
The Hawking temperature of this black hole is given by
T =
1
4pi
(2a1 + 2b1 − 1)t20r2a1−1+ . (2.14)
where r+ means the position of the black hole horizon. The conductivities in such back-
grounds, both at zero temperature and finite temperature, were investigated in our previ-
ous work using conventional techniques [29]. Following [15], in the subsequent sections we
will discuss the conductivities induced by the massless and massive charge carriers, which
are represented by the probe Dq-branes in the charged dilaton black hole background.
3 Massless charge carriers
As was advocated in [15], once we started to investigate mechanisms for strange metal
behaviors by holographic technology, we should involve a sector of (generally massive)
charge carriers carrying nonzero charge density J t, interacting with themselves and with
a larger set of neutral quantum critical degrees of freedom. When interpreted in the
context of D-branes, the sector of charge carriers were modeled by probe “flavor branes”
in the spirit of [30]. The conductivity of such charge carriers was obtained in [31] in
an elegant way. The main point is that both the numerator and the denominator in the
square root of the on-shell DBI action for the probe brane change sign between the horizon
v = v+ and the boundary v = 0, therefore to ensure the reality of the action the sign
change must take at the same radial position 0 < v∗ < v+. Then the conductivity can be
read off by the Ohm’s law after solving the equations coming from the numerator and the
denominator respectively. The Hall conductivity can be obtained in a similar way [32].
We focus on the case of massless charge carriers in this section, while the massive case
will be considered in the next section.
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3.1 DC conductivity
After taking the following coordinate transformation
v =
1
r
, v+ =
1
r+
, (3.1)
the metric (2.12) becomes
ds2 = − a
2
0
v2a1
f(v)dt2 +
v2a1−4
a20f(v)
dv2 +
1
v2b1
(dx2 + dy2), (3.2)
where
f(v) = 1− v
δ
vδ+
, δ = 2a1 + 2b1 − 1. (3.3)
The temperature of the black hole can be rephrased as
T =
1
4pi
δa20v
1−2a1
+ . (3.4)
Next we consider the probe Dq-brane
Sq = −Tq
∫
dτdqσe−φ
√
−det(gab + 2piα′Fab), (3.5)
where Tq = (gs(2pi)
qlq+1s )
−1 is the Dq-brane tension. Notice that the Wess-Zumino terms
are neglected here. The embedding of the probe brane can be described as follows
τ = t, σ1 = x, σ2 = y, σ3 = v, {σ4, · · · , σq} = Σ. (3.6)
Therefore the DBI action can be rewritten as
Sq = −τeff
∫
dtdvd2xv−k0
√
−det(gab + 2piα′Fab), (3.7)
where τeff = TqVol(Σ), Vol(Σ) denoting the volume of the compact manifold. Note that
here the dilaton has a non-trivial dependence on the radial coordinate v, e−φ = v−k0. As
was emphasized in [15], incorporating a non-trivial dilaton might lead to a more realistic
holographic model of strange metals and we will see that this is indeed the case.
We take the following ansatz for the worldvolume U(1) gauge field
A = Φ(v)dt+ (−Et + h(v))dx. (3.8)
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Then the DBI action (3.7) becomes
Sq = −τeff
∫
dtd2xdvv−k0
√
gxx
√
−gttgxxgvv − (2piα′)2(gvvE2 + gxxΦ′2 + gtth′2). (3.9)
It can be seen that the above action depends only on Φ′ and h′, which leads to two
conserved quantities
C =
−g3/2xx Φ′v−k0√−gttgxxgvv − (2piα′)2(gvvE2 + gxxΦ′2 + gtth′2) , (3.10)
H =
−gttg1/2xx h′v−k0√−gttgxxgvv − (2piα′)2(gvvE2 + gxxΦ′2 + gtth′2) . (3.11)
One can see that here these quantities satisfy the relation gtth
′C = gxxΦ
′H .
Following [31], we can solve for Φ′ and h′ from the above two equations and substitute
the solutions back into the action. The on-shell DBI action turns out to be
Sq = −τeff
∫
dtd2xdvv−2k0g3/2xx
√−gttgvv
√
gttgxx + (2piα′)2E2
(2piα′)2(C2gtt +H2gxx) + g2xxgttv
−2k0
. (3.12)
As pointed out in [31], both the numerator and the denominator in the square root change
sign between the boundary v = 0 and the horizon v = v+. To make sure that the action is
real, the numerator and the denominator should change sign at the same radial position
0 < v∗ < v+, which requires
gttgxx + (2piα
′)2E2
∣∣
v=v∗
= 0, (3.13)
(2piα′)2(C2gtt +H
2gxx) + g
2
xxgttv
−2k0
∣∣
v=v∗
= 0. (3.14)
The first equation gives
a20f(v∗) = (2piα
′)2E2v2a1+2b1∗ . (3.15)
Following [15], we identify the constants of motion with the currents as follows
Jx = (2piα′)2τeffH, J
t = (2piα′)2τeffC. (3.16)
Therefore (3.14) can be rewritten in the desired form
Jx = E
√
(2piα′)4τ 2effv
−2k0
∗ + (2piα′)2(J t)2v
4b1
∗ . (3.17)
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Finally, according to Ohm’s law Jx = σE, the conductivity is given by
σ =
√
(2piα′)4τ 2effv
−2k0
∗ + (
2piα′
L2
)2(J t)2v4b1∗ . (3.18)
There exist two terms in the square root. One may interpret the first term as arising
from thermally produced pairs of charge carriers, though here it has some non-trivial
dependence on v∗. It is expected that such a term should be suppressed when the charge
carriers have large mass. Then the surviving term gives
σ =
2piα′
L2
J tv2b1∗ . (3.19)
By combining (3.4), one can obtain the power-law for the DC resistivity,
ρ ∼ T
λ
J t
, λ =
2b1
2a1 − 1 , (3.20)
where we take the limit E ≪ 1 so that v∗ ≈ v+. Note that when the parameter η in the
Liouville potential (2.5) is zero, the background reduces to be a Lifshitz-like solution at
finite temperature with a1 = 1 and b1 = z
−1. Thus we have ρ ∼ T 2/z/J t, which agrees
with the result obtained in [15].
3.2 DC Hall conductivity
We can also calculate the conductivity tensor
J i = σijEj
by generalizing the techniques presented in [31]. Hall conductivities for general Dp-Dq
systems were obtained in [32]. Similarly here we can take the following ansatz for the
worldvolume U(1) gauge fields
At = Φ(v), Ax(v, t) = −Et + fx(v), Ay(v, x) = Bx+ fy(v). (3.21)
The DBI action of the probe brane is still given by
Sq = −τeff
∫
dtdvd2xv−k0
√
−det(gab + 2piα′Fab), (3.22)
where
− det(gab + 2piα′Fab) = −gttgvvg2xx − (2piα′)2gttgvvB2 − (2piα′)2gttgxxf ′2x
−(2piα′)2gttgxxf ′2y − (2piα′)2gvvgxxE2 − (2piα′)2g2xxΦ′2
−(2piα′)4Φ′2B2 − (2piα′)4f ′2y E2 + 2(2piα′)4EBΦ′f ′y. (3.23)
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Now we have three conserved quantities
C =
−g2xxΦ′ − (2piα′)2B2Φ′ + (2piα′)2EBf ′y√
−det(gab + 2piα′Fab)
v−k0 , (3.24)
H =
−gttgxxf ′x√−det(gab + 2piα′Fab)v−k0, (3.25)
M =
−gttgxxf ′y − (2piα′)2E2f ′y + (2piα′)2EBΦ′√−det(gab + 2piα′Fab) v−k0, (3.26)
To calculate the on-shell DBI action, we should first express f ′x,y in terms of Φ
′. Then we
solve the equation of motion for Φ′ and substitute them back into −det(gab + 2piα′Fab).
The on-shell DBI action takes the following simple form
Sq = τeff
∫
dtd2xdvv−k0
√−gttgvvgxx ξ√
ξχ− a2 , (3.27)
where
ξ = −[(2piα′)2E2gxx + (2piα′)2B2gtt + gttg2xx], (3.28)
χ = −gttg2xx − (2piα′)2[gttC2 + gxx(H2 +M2)]v2k0, (3.29)
a = (2piα′)2(MEgxx − BCgtt)vk0, (3.30)
As argued in [32], the only consistent possibility for preserving the reality of the on-shell
DBI action is to require ξ, χ and a to become zero at the same radial position v∗. Therefore
by solving the equations ξ, χ, a = 0 and identifying
Jx = (2piα′)2τeffH, J
t = (2piα′)2τeffC, J
y = (2piα′)2τeffM, (3.31)
one can finally obtain
σxx =
v−k0∗
1 + (2piα
′
L2
)2B2v4b1∗
√
(2piα′)4τ 2eff(1 + (
2piα′
L2
)2B2v4b1∗ ) + (
2piα′
L2
)2(J t)2v4b1+2k0∗ , (3.32)
and
σxy =
(2piα′)2BJ tv4b1∗
L4 + (2piα′)2B2v4b1∗
. (3.33)
Here are some remarks on the results for the conductivity tensor.
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• When both B and E are small, the Hall conductivity becomes σxy ∼ T 4b1/(1−2a1).
Once we take η = 0 in the Liouville potential, we have a1 = 1 and therefore σ
xy ∼
T−4b1 . Note that b1 = 1/z, so we recover the result obtained in [15] σ
xy ∼ T−4/z.
• The expression for σxx reduces to the one obtained in previous subsection when
B = 0. Furthermore, when the second term in the square root dominates, and B is
small, we reproduce the result σxx ∼ T−λ where λ = 2b1
2a1−1
.
• One interesting quantity for studying the strange metals is the ratio σxx/σxy. When
the first term in the square root of σxx is subdominant, one can easily obtain the
following result
σxx
σxy
∼ v−2b1∗ = T
−2b1
1−2a1 . (3.34)
In the η = 0 limit, a1 = 1, b1 = 1/z, we have
σxx
σxy
∼ v−2/z∗ = T 2/z .
• The strange metals exhibit the following anomalous behaviors: σxx ∼ T−1, σxx/σxy ∼
T 2. In contrast, σxx/σxy ∼ (σxx)−1 in Drude theory. Since σxx ∼ T−2/z in the limit
of η = 0, our result can mimic Drude theory in this limit, which agrees with the
result in [15].
3.3 AC conductivity
The AC conductivity will be calculated in this subsection. Rather than working out the
full nonlinear dependence on the electric field, here we will expand in small fluctuations
of the background gauge field. The background gauge field can be obtained by setting
E = H = 0,
Φ′ =
C
γ
v2b1+k0−2, γ ≡
√
1 + (2piα′)2C2v2k0+4b1 , (3.35)
Consider the fluctuations of the probe gauge fields as the following form
δA = (At(v)dt+ Ax(v)dx+ Ay(v)dy)e
−i(ωt−kx), (3.36)
The DBI action can be expanded as
Sq = −τeff
∫
dtd2xdvv−k0γ−1
√−gttgvvgxx[1 + 1
2
γ(2piα′)2
F 2xy
g2xx
+
1
2
γ2(2piα′)2
F 2iv
gvvgxx
− 1
2
γ2(2piα′)2
F 2ti
gttgxx
− 1
2
γ3(2piα′)2
F 2tv
gttgvv
], (3.37)
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Let us focus on the quadratic terms of Fµν
SF = −τeff
2
(2piα′)2
∫
dtd2xdvv−k0γ[
√−gttgvv
gxxγ
F 2xy
+
√−gtt
gvv
F 2iv −
√−gvv
gtt
F 2ti −
γgxx√−gttgvvF
2
tv], (3.38)
from which we can derive the equation of motion for Ax
∂v(v
−k0
√−gtt
gvv
γA′x) = −v−k0
√
gvv
−gttγω
2Ax, (3.39)
It has been pointed out in [34, 35] that the equation of motion for the fluctuation can be
converted into a Schro¨dinger equation. For our case this can be realized by defining
Ax = (v
−k0γ)−1/2Ψ,
d
dv
=
v2a1−2
a20f(v)
d
ds
. (3.40)
Then the equation of motion for Ax becomes a Schro¨dinger form
− d
2
ds2
Ψ+ UΨ = ω2Ψ, (3.41)
with the following effective potential
U =
1
2
1√
v−k0γ
d
ds
[
1√
v−k0γ
d
ds
(v−k0γ)]. (3.42)
For numerical calculation, s in Eq. (3.40) can be exactly written in terms of v
s =
v2a1−1
a20(2a1 − 1) 2
F1
(
2a1 − 1
δ
, 1, 1 +
2a1 − 1
δ
,
vδ
vδ+
)
. (3.43)
Near the boundary and horizon, s has the following behaviors
s ≈ v
2a1−1
a20(2a1 − 1)
for v → 0,
s ≈ −v
2a1−1
+ log(v+ − v)
a20(2a1 + 2b1 − 1)
for v → v+, (3.44)
so s =∞ or s = 0 corresponds to the horizon or boundary respectively. Using the above
asymptotic behaviors, we can solve the above Schro¨dinger equation numerically. At the
horizon, the leading term of the effective potential U becomes
U ∼ exp
(
−a
2
0(2a1 + 2b1 − 1)
v2a1−1+
s
)
. (3.45)
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So at the horizon the Schro¨dinger equation is simply reduced to
0 =
d2
ds2
Ψ+ ω2Ψ, (3.46)
whose solution satisfying the incoming boundary condition is given by
Ψ = ceiωs, (3.47)
where c is an integration constant. Near the boundary, in the following parameter range
a1 >
1
2
and 2b1 + k0 > 0, U becomes
U ≈ k0(4a1 + k0 − 2)
4(2a1 − 1)2s2 . (3.48)
So the asymptotic solution of the Schro¨dinger equation near the boundary is given by
Ψ = c1s
−
k0
4a1−2 + c2s
1+
k0
4a1−2 . (3.49)
From this together with Eq. (3.40) the asymptotic solution for Ax becomes
Ax = A0
(
1 +
c2
c1
(2a1 − 1)−
2a1−1+k0
2a1−1 a
−
2(2a1−1+k0)
2a1−1
0 v
2a1−1+k0
)
. (3.50)
where we set
c1 =
A0
(2a1 − 1)
k0
2(2a1−1)a
k0
2a1−1
0
. (3.51)
In the above, A0 is the boundary value of Ax, which corresponds to the source for the
current operator Jx and the coefficient of the second term corresponds to the vev for the
current operator. When we introduce a background electric field Ex(t) ≡ Ex(ω)e−iωt, the
asymptotic form of Ax(ω) can be rewritten as [15]
Ax(ω) =
Ex(ω)
iω
+
Jx(ω)
τeff(2piα′)2
v2a1−1+k0. (3.52)
By comparing Eq. (3.52) with Eq. (3.50), we can find the relation between the vev for
current operator and the background electric field
〈Jx〉 = c2
iωc1
τeff(2piα
′)2
(2a1 − 1)
2a1−1+k0
2a1−1 a
2(2a1−1+k0)
2a1−1
0
Ex. (3.53)
Therefore, the AC electric conductivity becomes
σAC ≡ 〈Jx〉
Ex
=
c2
iωc1
τeff(2piα
′)2
(2a1 − 1)
2a1−1+k0
2a1−1 a
2(2a1−1+k0)
2a1−1
0
, (3.54)
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Figure 3.1: The real and imaginary conductivity for C = 0(solid), 2(dashed) and 4(dotted),
where we set 2piα′ = 1, α = −η = 1, Λ = −3, τeff = 1 and v+ = 10.
where the numerical value of c2
c1
is given by solving the Scho¨dinger equation numerically
with initial conditions determined from the horizon solution Eq. (3.47), which satisfies
the incoming boundary condition. In Fig. 3.1, we shows the real and imaginary conduc-
tivity depending on the charge density C ∼ J t. As shown in figure, at given ω the real
and imaginary conductivity increases and decreases respectively, as the charge density
increases.
Interestingly, even for zero density in Fig. 3.1 there exists non-zero conductivity, which
may be related to the effect of the pair creation of charged particles. Usually, as the
energy goes up more charged particles can be created which can explain increasing of the
real conductivity at the high energy region. Another interesting point is that at the high
density and low frequency regime (see the case for C = 4) the conductivity decreases as
the frequency increases. This aspect would be explained as the follow: in this regime the
pair creation of the charged particles generates induced electric field which diminishes the
background electric field. Since the charged carrier moves slowly due to the weakened
electric field, the amount of the charged carrier current also grows smaller. This can
explain the drop of the real conductivity in the high density and small energy regime. In
the large energy case above the some critical frequency, the effect of the pair creation of
charged particles would be more dominant, so it makes the real conductivity increases as
the energy increases.
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4 Massive charge carriers
We will consider the effects of massive charge carriers in this section, which are more
closely related to model building for real -world strange metals. In this case, the energy
gap is large compared to the temperature: Egap ≫ T . When translated into the language
of probe D-branes, the massive charge carriers correspond to flavor branes wrapping
internal cycles, whose volumes vary with radial direction [30, 33].
As was pointed out in [30, 33], at finite temperature the flavor brane shrinks to a point
at v = v0 for large enough mass. In this case the charge carriers correspond to strings
stretching from the flavor brane from v = v0 to the black hole horizon v = v+. In a dilute
limit one can consider a small density of such strings and ignore the backreaction. For
larger densities the backreaction cannot be neglected and the resulting configuration is
that the brane forms a “spike” in place of the strings. We will study the dilute limit first
and then take the backreaction into account.
4.1 Conductivity in the dilute regime
The massive charge carriers can be treated as strings stretching from the probe brane
to the black hole horizon in the dilute limit, while there are no interactions between the
strings. In this limit the probe brane is described by the zero-density solution, which is
has a cigar shape with v = v0 at the tip.
Let us take the static gauge t = τ, v = σ. When expanded to quadratic order for the
transverse fluctuations, the Nambu-Goto action
SNG = −T
∫
dτdσ
√
−dethab +
∫
A (4.1)
gives the following field equation
− 1
α′
a20f(v)
v2a1+2b1−2
∂vx
i + Fi0 + Fijx˙
j = 0. (4.2)
Notice that we have incorporated the surface terms.
In the zero-frequency limit, the field equation can be easily integrated out
xi = V i(t +
1
v2b1+
∫ v u2a1+2b1−2
a20f(u)
du), (4.3)
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where V i is an integration constant and the relative normalization of the two terms is
fixed by imposing incoming boundary conditions at the horizon. By assuming v0 ≪ v+,
at the boundary we can obtain
1
v2b1+
1
α′
V i = Fi0 + FijV
j , (4.4)
According to Drude’s law we have the following relation
m
τ
∝ 1
α′
T
2b1
2a1−1 , (4.5)
Therefore the DC conductivity in the dilute limit of the massive charge carriers is given
by
σ =
τ
m
J t ∝ J
t
T
2b1
2a1−1
. (4.6)
Next we consider the AC case. Before performing the calculations we shall determine one
scale of interest, the energy gap, which corresponds to the mass of the string stretching
from v0 to v+,
Egap =
∫ v+
v0
dv
√−gttgvv/α′ = L
2
α′v0
, (4.7)
where another natural scale ω0 = v
−1
0 corresponding to the energy scale of bulk excitations
at v0, is introduced.
The bulk equation of motion for x(v, t) = Re(Xω(v)e
−iωt) reads
∂v(
a20f(v)
v2a1+2b1−2
∂vXω) = −ω2v
2a1−2b1−2
a20f(v)
Xω. (4.8)
Now consider the case of zero magnetic field F10 = E, Fij = 0, at the boundary v = v0
the surface term gives
1
α′
a20f(v0)
v2a1+2b1−20
∂vXω(v0) = E. (4.9)
Then the conductivity can be evaluated as
σ =
J tVω(v0)
E
=
iωJ tXω(v0)
E
=
iωα′J tXω(v0)v
2a1+2b1−2
a20f(v0)∂ωX(v0)
, (4.10)
Consider the very high frequency limit ω ≫ ω0, in this case the WKB approximation can
be adopted in the whole range v0 ≤ v ≤ v+. The leading WKB solution is given by
Xω(v) ≈ C1e
−i
∫ v
v0
ωv2a1−2
a2
0
f(v) + C2e
i
∫ v
v0
ωv2a1−2
a2
0
f(v) . (4.11)
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Then the conductivity in this regime is
∂vXω(v0) ∼ iωv
2a1−2
0
a20f(v0)
Xω(v0), (4.12)
σWKB = α
′L−2J tv2b1−20 . (4.13)
Next we consider the limit T ≪ ω ≪ ω0, For v ≪ v+, we have f ≈ 1 and the equation of
motion turns out to be
∂2vXω − (2a1 + 2b1 − 2)
1
v
∂vXω +
ω2
a40
v4a1−4Xω = 0. (4.14)
The solution is given in terms of the Bessel function
Xω(v) = v
ξκωξH
(1)
ξ (
ωvκ
κa20
), (4.15)
where
κ = a1 − b1, ξ = 2a1 + 2b1 − 1
2a1 − 2b1 . (4.16)
In the regime ω ≪ Egap, we can expand the solution for small argument
Xω ∝ 1− 1
Γ(−ξ)(
ωvκ
2κa20
)2 + eipiξ(
ωvκ
2κa20
)2ξ. (4.17)
The following situations should be discussed separately when evaluating the conductivity.
The conductivity is given by the following formula when the second term dominates
σ = −iω−12κΓ(−ξ)α′L−2J ta20v4b1−10 , (4.18)
which is a Drude result. When the third term dominates, the conductivity possesses a
nontrivial scaling
σ =
a4ξ−20
2ξ
(2κ)2ξα′L−2J teipi(
1
2
−ξ)ω1−2ξ. (4.19)
In sum, we have the following scaling behaviors for the resistivity and conductivity in the
dilute regime,
ρ =
1
σ
∼ T
2b1
2b1−2a1 , σ(ω) ∼ ω1−2ξ, (4.20)
where ξ is given in (4.16). Notice that in real-world strange metals,
ρ ∼ T ν1, σ(ω) ∼ ω−ν2, (4.21)
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where ν1 ≈ 1, ν2 ≈ 0.65 [36]. Therefore if we require our dual gravitational background
to exhibit the same scaling behavior, we have to set
α = ±0.293491, η = ±1.45201. (4.22)
The consistency of the above choices for the parameters has been verified.
4.2 Conductivity at finite densities
When the backreaction of the massive charge carriers cannot be neglected, we should
introduce an additional scalar field which corresponds to the “mass” operator in the
boundary field theory. The volume of the internal cycle wrapped by the probe brane is
determined by this scalar field. In this case the DBI action becomes
Sq = −τeff
∫
dtd2xdvv−k0V (θ)n
√
gxx
√
−gttgxxgσσ − (2piα′)2(gσσE2 + gxxΦ′2 + gtth′2),
(4.23)
where V (θ)n denotes the volume of the n-dimensional submanifold wrapped by the probe
brane. Notice that here we have introduced the worldvolume gauge field as follows
A = Φ(v)dt+ (−Et + h(v))dx (4.24)
and the induced metric component is given by gσσ = gvv + θ
′2.
We can obtain the following constants of motion
C =
−g3/2xx Φ′v−k0V (θ)n√−gttgxxgσσ − (2piα′)2(gσσE2 + gxxΦ′2 + gtth′2) , (4.25)
H =
−gttg1/2xx h′v−k0V (θ)n√−gttgxxgσσ − (2piα′)2(gσσE2 + gxxΦ′2 + gtth′2) . (4.26)
Therefore the on-shell DBI action turns out to be
Sq = −τeff
∫
dtd2xdvv−2k0V (θ)2ng3/2xx
√−gttgσσGF 1/2, (4.27)
where
GF =
gttgxx + (2piα
′)2E2
(2piα′)2(C2gtt +H2gxx) + g2xxgttv
−2k0V (θ)2n
. (4.28)
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The background profile of the probe brane θ(v) is determined by
d
dv
[v−2k0V (θ)2ng3/2xx
√−gtt
gσσ
θ′GF 1/2]− d
dθ
[v−2k0V (θ)2ng3/2xx
√−gttgσσGF 1/2] = 0. (4.29)
Finally, following the same steps straightforwardly, we obtain the DC conductivity
σ =
√
(2piα′)4τ 2effv
−2k0
∗ V (θ∗)2n + (
2piα′
L2
)2(J t)2v4b1∗ . (4.30)
Note that in the massless limit V (θ) → 1, the above result reduces to the one obtained
in previous section (3.18).
The calculations of the AC conductivity are similar to the massless case, that is, we
will study the Maxwell fluctuations up to quadratic order and consider zero momentum
k = 0. One crucial difference is that here we have non-trivial background profile θ(v).
The linearized equation for the longitudinal fluctuation is given by
∂v(v
−k0V (θ)nγ
√−gtt
gσσ
A′x) = −v−k0V (θ)nγ
√
gσσ
−gttω
2Ax, (4.31)
where
γ ≡
√
1 + (2piα′)2
C2v2k0+4b1
V (θ)2n
. (4.32)
The equation for the fluctuation can still be transformed into a Schro¨dinger form. After
defining
Ax = (v
−k0V (θ)nγ)−1/2Ψ,
d
dv
=
√
gσσ
−gtt
d
ds
, (4.33)
(4.31) becomes
− d
2
ds2
Ψ+ UΨ = ω2Ψ, (4.34)
with the following effective potential
U =
1
2
1√
v−k0V (θ)nγ
d
ds
[
1√
v−k0V (θ)nγ
d
ds
(v−k0V (θ)nγ)]. (4.35)
At first sight one may consider that we can perform similar calculations as for the mass-
less case. However, one key point in the calculations of [15] was that in a wide range
v0 < v < v+, the profile of the embedding was approximately constant. This behav-
ior was confirmed by numerical calculations and played a crucial role in simplifying the
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corresponding Schro¨dinger equation. Unfortunately, here we cannot find such a constant
behavior for the profile of the embedding. The profile turns out to be singular in the
near horizon region. Thus we cannot simplify the Schro¨dinger equation considerably to
find the analytic solutions. It might be related to the non-trivial dilaton field in the
DBI action and we expect that such singular behavior may be cured in realistic D-brane
configurations, which might enable us to calculate the transport coefficients.
5 Summary and discussion
The holographic model building of “strange” metals was initiated in [15], where the au-
thors considered Lifshitz black holes as the background and probe D-branes as charge
carriers. In this paper we generalize the analysis to backgrounds with anisotropic scaling
symmetry, which are solutions of the Einstein-Maxwell-dilaton theory coupled with a Li-
ouville potential. For massless charge carriers, we obtain the DC conductivity and DC Hall
conductivity by applying the approach proposed in [31] and [32]. The results can repro-
duce those obtained in [15] in certain specific limits. We also calculate the AC conductivity
by transforming the corresponding equation of motion into the Schro¨dinger equation. For
massive charge carriers, the DC and AC conductivities are also obtained in the dilute
limit. When the dual gravity background exhibits the scaling behaviors for strange met-
als, the parameters in the action should take the following values, α = ±0.293491 and
η = ±1.45201. We also obtain the DC conductivity at finite density. One thing we are
not able to analyze is the AC conductivity at finite density, which may be due to the
singular behavior of the profile of the brane embedding. We expect that such a difficulty
may be cured in realistic D-brane configurations.
In the final stage of this work we noticed that some overlaps appeared in [27]. They
clarified the landscape of effective holographic theories in view of condensed matter appli-
cations by studying the thermodynamics, spectra and conductivities of several classes of
charged dilatonic black hole solutions that include the charge density backreaction fully.
In particular, they obtained the DC and AC conductivities in the context of the DBI ac-
tion. It should be pointed out that one crucial difference is that we consider the solution
as the global solution, while they imposed some constraints to ensure that the solutions
were asymptotically AdS. Another topic which was not included in their paper is the DC
19
Hall conductivity. However, we believe that our results are consistent with theirs.
One important further direction is to study the fermionic nature of the dual gravity back-
ground, as Fermi surfaces and other related observables are crucial for the description of
strange metals. One may perform the analysis along the line of [37, 38, 39, 40]. One point
is that in those papers the asymptotic geometry was AdSd+2 and the near horizon geom-
etry contained an AdS2 part, which played a central role in the investigations. Although
the asymptotic and/or near horizon geometries possess anisotropic scaling symmetry, it
is believed that similar analysis can be performed by making use of the “matching” tech-
nique adopted in the above mentioned references. Furthermore, one may examine the
fermionic correlators in the background studied in this paper, following [41, 42, 43]. We
expect to study such interesting problems in the future.
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